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Why does it matter?

INSTRUMENT DATA ANALYSIS SCIENCE
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Why does it matter?

INSTRUMENT DATA ANALYSIS SCIENCE

STATISTICS
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Outline

• Part I: General introduction to statistics

‣ Bayesian approach 
‣ Frequentist approach 
‣ Likelihood 

• Part II: Applications in gamma-ray analysis

‣ Estimating the excess 

‣ From the excess to the  fluxγ
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PART I
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Outline - Part I

• The Bayesian approach
- priors, posteriors, sensitivity, specificity, etc… 

• The frequentist approach
- p-values, confidence levels, “sigmas”, etc…

• The likelihood
- power of the test, the Wilks’ theorem, etc…
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The Bayesian approach
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- The Bayesian approach tries to answer the question:

Given our prior knowledge and the observed data, what is the probability 
that the model is true?
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Probability theory

Marginalised probability

Conditional probability

p(x) = ∫ dy p(x, y) p(x) = ∑
i

p(x, yi)

p(x, y) = p(x |y) ⋅ p(y)
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Probability theory

Marginalised probability

Conditional probability

p(x) = ∫ dy p(x, y)

p(x, y) = p(x |y) ⋅ p(y)
{ p(x |y) =

p(y |x) ⋅ p(x)
∫ dy p(y |x) ⋅ p(x)
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Probability theory

Marginalised probability

Conditional probability

p(x) = ∫ dy p(x, y)

p(x, y) = p(x |y) ⋅ p(y)
{ p(x |y) =

p(y |x) ⋅ p(x)
∫ dy p(y |x) ⋅ p(x)

Likelihood Prior

NormalisationPosterior
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Example 1: How to interpret a positive test?

<latexit sha1_base64="UMPWZNliz1OCENvHLIFd+dv1hLU=">AAAB/XicbVDJSgNBEK2JW4zbuNy8NAYhooQZCepFDHrxGNEskAyhp9OTNOlZ6O4R4hj8FS8eFPHqf3jzb+wkc9DEBwWP96qoqudGnEllWd9GZm5+YXEpu5xbWV1b3zA3t2oyjAWhVRLyUDRcLClnAa0qpjhtRIJi3+W07vavRn79ngrJwuBODSLq+LgbMI8RrLTUNneiArpFraNHXQgdogN0ji7aZt4qWmOgWWKnJA8pKm3zq9UJSezTQBGOpWzaVqScBAvFCKfDXCuWNMKkj7u0qWmAfSqdZHz9EO1rpYO8UOgKFBqrvycS7Es58F3d6WPVk9PeSPzPa8bKO3MSFkSxogGZLPJijlSIRlGgDhOUKD7QBBPB9K2I9LDAROnAcjoEe/rlWVI7LtonxdJNKV++TOPIwi7sQQFsOIUyXEMFqkDgAZ7hFd6MJ+PFeDc+Jq0ZI53Zhj8wPn8AExORww==</latexit>

p(S |+) =?

What’s the probability that I am sick (S) ?
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What’s the probability that I am sick (S) ?

Probability of 
True positive

Priors

Probability of 
False positive

P(S) + P(S̄) = 1
P(S | + ) =

P( + | S) P(S)
P( + | S) P(S) + P( − | S) P(S̄)

Example 1: How to interpret a positive test?
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What’s the probability that I am sick (S) ?

Probability of 
True positive

Priors

Probability of 
False positive

P(S) + P(S̄) = 1

Sensitivity of the test
Specificity of the test

= P( + | S)
= P( − | S̄) = 1 − P( + | S̄)

P(S | + ) =
P( + | S) P(S)

P( + | S) P(S) + P( − | S) P(S̄)

Example 1: How to interpret a positive test?
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What’s the probability that I am sick (S) ?

P(S ∣ + ) = (1 +
1 − Sp .

Se .
⋅

1 − P(S)
P(S) )

−1

<latexit sha1_base64="ijRXP6rOl1idzkxM/Oip52qOsak=">AAAB+3icbVDLSsNAFJ3UV62vWJduBkvBVUhErC6EohuXFe0DmlAm00k7dPJg5kZaQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3Hj8RXIFtfxuFtfWNza3idmlnd2//wDwst1ScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2R7czv/3EpOJx9AiThHkhGUQ84JSAlnpm2QU2huwhsab4Gl/VsFvtmRXbsufAq8TJSQXlaPTML7cf0zRkEVBBlOo6dgJeRiRwKti05KaKJYSOyIB1NY1IyJSXzW+f4qpW+jiIpa4I8Fz9PZGRUKlJ6OvOkMBQLXsz8T+vm0Jw6WU8SlJgEV0sClKBIcazIHCfS0ZBTDQhVHJ9K6ZDIgkFHVdJh+Asv7xKWmeWc2Gd359X6jd5HEV0jE7QKXJQDdXRHWqgJqJojJ7RK3ozpsaL8W58LFoLRj5zhP7A+PwB0puTAA==</latexit>

Sp. = 97%
<latexit sha1_base64="s/Aqv1xchSFPpw2PIHSnhpn9mBU=">AAAB+3icbVDJTgJBEO3BDXFDPHrpSEg8kRmDy8WE6MUjRlkShpCepoAOPUu6awxkwq948aAxXv0Rb/6NDcxBwZdU8vJeVarqeZEUGm3728qsrW9sbmW3czu7e/sH+cNCQ4ex4lDnoQxVy2MapAigjgIltCIFzPckNL3R7cxvPoHSIgwecRJBx2eDQPQFZ2ikbr7gIowxeYDylF7Tc5u6pW6+aJftOegqcVJSJClq3fyX2wt57EOAXDKt244dYSdhCgWXMM25sYaI8REbQNvQgPmgO8n89iktGaVH+6EyFSCdq78nEuZrPfE90+kzHOplbyb+57Vj7F91EhFEMULAF4v6saQY0lkQtCcUcJQTQxhXwtxK+ZApxtHElTMhOMsvr5LGWdm5KFfuK8XqTRpHlhyTE3JKHHJJquSO1EidcDImz+SVvFlT68V6tz4WrRkrnTkif2B9/gCwsJLq</latexit>

Se. = 50%

P(S)

Example 1: How to interpret a positive test?
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Example 2: The Monty Hall problem

1 2 3

In two boxes there is a goat and in the other a car

You have to choose one and only one box
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1
2 3

Imagine we randomly pick the first one, but without opening it

Example 2: The Monty Hall problem
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Now the host of the game (who knows where the car is) shows us 
the content of the third box, which does not contain the car

1
2 3

Example 2: The Monty Hall problem
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We are given the opportunity to change our box (n.1) with the other (n. 2) 

What would you do?

1
2 3

Example 2: The Monty Hall problem
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“3 boxes and 1 car”       “the host knows where the car is”

     The hypothesis “the car is in the i-th box”Hi

    The event “the host shows use the content of the third box”E

    Our prior knowledge:
�

I

We need to compute the posterior

1
2 3

P(Hi |E, I)

(1)  Set up the problem

Example 2: The Monty Hall problem
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1
2 3

P(H1 ∣ E, I) =
P(E ∣ H1, I) P(H1 ∣ I)

P(E ∣ I)
= …

P(H2 ∣ E, I) =
P(E ∣ H2, I) P(H2 ∣ I)

P(E ∣ I)
= …

P(H3 ∣ E, I) =
P(E ∣ H3, I) P(H3 ∣ I)

P(E ∣ I)
= …

(2)  Bayes theorem for each hypothesis

Example 2: The Monty Hall problem
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1
2 3

P(H1 ∣ E, I) =
P(E ∣ H1, I) P(H1 ∣ I)

P(E ∣ I)
=

1/2 ⋅

P(H2 ∣ E, I) =
P(E ∣ H2, I) P(H2 ∣ I)

P(E ∣ I)
=

1 ⋅

P(H3 ∣ E, I) =
P(E ∣ H3, I) P(H3 ∣ I)

P(E ∣ I)
=

0 ⋅

(3)  Add the likelihoods

Example 2: The Monty Hall problem
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1
2 3

(4)  Add the priors P(H1 | I) = P(H2 | I) = P(H3 | I) = 1/3

P(H1 ∣ E, I) =
P(E ∣ H1, I) P(H1 ∣ I)

P(E ∣ I)
=

1/2 ⋅ 1/3

P(H2 ∣ E, I) =
P(E ∣ H2, I) P(H2 ∣ I)

P(E ∣ I)
=

1 ⋅ 1/3

P(H3 ∣ E, I) =
P(E ∣ H3, I) P(H3 ∣ I)

P(E ∣ I)
=

0 ⋅ 1/3

Example 2: The Monty Hall problem
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1
2 3

(5)  Add the normalization

P(H1 ∣ E, I) =
P(E ∣ H1, I) P(H1 ∣ I)

P(E ∣ I)
=

1/2 ⋅ 1/3
1/2

P(H2 ∣ E, I) =
P(E ∣ H2, I) P(H2 ∣ I)

P(E ∣ I)
=

1 ⋅ 1/3
1/2

P(H3 ∣ E, I) =
P(E ∣ H3, I) P(H3 ∣ I)

P(E ∣ I)
=

0 ⋅ 1/3
1/2

P(E ∣ I) = ∑
i

P(Hi ∣ E, I)P(E ∣ I) = 1/2

Example 2: The Monty Hall problem
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Result:

1
2 3

P(H1 ∣ E, I) =
P(E ∣ H1, I) P(H1 ∣ I)

P(E ∣ I)
=

1/2 ⋅ 1/3
1/2

=
1
3

P(H2 ∣ E, I) =
P(E ∣ H2, I) P(H2 ∣ I)

P(E ∣ I)
=

1 ⋅ 1/3
1/2

=
2
3

P(H3 ∣ E, I) =
P(E ∣ H3, I) P(H3 ∣ I)

P(E ∣ I)
=

0 ⋅ 1/3
1/2

= 0

Example 2: The Monty Hall problem
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0

1/6

1/3

1/2

2/3

H1 H2 H3

0

1/6

1/3

1/2

2/3

H1 H2 H3

“I observe” E

Priors

Posteriors

Example 2: The Monty Hall problem
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Example 3: Counting experiment

• Assumptions:

‣ No background


‣ Expected signal counts: 


‣ Observed counts 
s = r ⋅ Tobs

n

Observation timeRate
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Example 3: Counting experiment

• Assumptions:

‣ No background


‣ Expected signal counts: 


‣ Observed counts 
s = r ⋅ Tobs

n

Observation timeRate

Likelihood:   p(n |s) =
sn

n!
e−s

Bayes theorem:   p(s |n) =
p(n |s)p(s)

p(n)
=

p(n |s)p(s)
∫ ds p(n |s)p(s)

=
sne−sp(s)

∫ ds sne−sp(s)
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Example 3: Counting experiment

 p(s |n) =
p(n |s)p(s)

p(n)
=

p(n |s)p(s)
∫ ds p(n |s)p(s)

=
sne−sp(s)

∫ ds sne−sp(s)

Prior:   p(s) = C Prior:   p(s) = Gamma(α, β) ∝ sα−1e−βs

Posterior:  p(s |n) =
sn

n!
e−s Posterior:  p(s |n) = Gamma(α + n, β + 1)

Conjugate prior
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Example 3: Counting experiment
Adding the background  


Posterior:   

b = rb ⋅ Tobs

p(s + b |n) ∝
(s + b)n

n!
e−s−b
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Example 3: Counting experiment
Adding the background estimated from an “OFF region”

Signal event

Background eventn

m?
α =

size of ON region
size of OFF region
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Example 3: Counting experiment
Adding the background estimated from an “OFF region”

Likelihood:   p(n, m |s, b) =
(s + αb)n

n!
e−(s+αb) ⋅

bm

m!
e−b

α =
size of ON region
size of OFF region

Posterior:   p(s |n, m) =
∫ db p(n, m ∣ s, b) p(b) p(s)

∫ ds db p(n, m ∣ s, b) p(b) p(s)

Signal event

Background eventn

m?
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Example 3: Counting experiment

Assuming uniform priors , it can be shown:p(s) = p(b) = C

p(s ∣ n, m) ∝
n

∑
k=0

(n + m − k)!
(1 + 1/α)−k(n − k)!

⋅
sk

k!
e−s =

n

∑
k=0

p(k ∣ n, m) ⋅ p(s ∣ k)
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When the integral becomes too complicated
Let’s assume we don’t know how to solve analytically 


 p(s |n, m) =
∫ db p(n, m ∣ s, b) p(b) p(s)

∫ ds db p(n, m ∣ s, b) p(b) p(s)

Markov Chain Monte Carlo (MCMC) 
Replaces intractable integrals with sampling


Most common algorithms:


‣ Metropolis-Hasting 
‣ Gibbs sampling 
‣… 
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When the integral becomes too complicated
Let’s assume we don’t know how to solve analytically 


 p(s |n, m) =
∫ db p(n, m ∣ s, b) p(b) p(s)

∫ ds db p(n, m ∣ s, b) p(b) p(s)
Example with python package emcee

Markov Chain Monte Carlo (MCMC) 
Replaces intractable integrals with sampling


Most common algorithms:


‣ Metropolis-Hasting 
‣ Gibbs sampling 
‣… 
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When the integral becomes too complicated
Let’s assume we don’t know how to solve analytically 


 p(s |n, m) =
∫ db p(n, m ∣ s, b) p(b) p(s)

∫ ds db p(n, m ∣ s, b) p(b) p(s)
Example with python package emcee

Markov Chain Monte Carlo (MCMC) 
Replaces intractable integrals with sampling


Most common algorithms:


‣ Metropolis-Hasting 
‣ Gibbs sampling 
‣… 

HPD region
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When the integral becomes too complicated
… and even more complicated!

From DOI:10.3847/1538-4357/ad2fb4 Credit: G. Ceribella
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When the integral becomes too complicated

• Markov Chain Monte Carlo (MCMC)


‣ Draws correlated samples from the posterior via a Markov chain whose stationary distribution is the 
target posterior 

• Hamiltonian Monte Carlo (HMC)


‣ Uses gradients of the log-posterior to simulate Hamiltonian dynamics and make long, efficient moves 
in parameter space 

• Nested Sampling


‣ Explores the posterior by iteratively restricting sampling to higher-likelihood regions using a set of “live” 
points 

• Simulation-Based Inference


‣ Performs Bayesian inference by repeatedly simulating data from a model and learning the relationship 
between parameters and observations, avoiding explicit likelihood evaluation 

• …
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The Frequentist approach
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The Frequentist approach

Pierre-Simon LaplaceThomas Bayes

1700 1800 1900 2000

Practical problem 
Back then, there were no computers

Philosophical problem 
The arbitrariness of the prior
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The Frequentist approach

Pierre-Simon LaplaceThomas Bayes Egon PearsonJerzy NeymanRonald Fisher

1700 1800 1900 2000

Practical problem 
Back then, there were no computers

Philosophical problem 
The arbitrariness of the prior
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The Frequentist approach

Pierre-Simon LaplaceThomas Bayes Egon PearsonJerzy NeymanRonald Fisher

1700 1800 1900 2000

Practical problem 
Back then, there were no computers

Philosophical problem 
The arbitrariness of the prior

Nowadays… a mix of both
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- In the Frequentist approach, an inference analysis is performed by trying 
to answer the following question:

If I repeat the experiment an infinite number of times, assuming the model is 
true, with which frequency would I observe a value more extreme than the 
one actually observed?

The Frequentist approach

- The Bayesian approach tries to answer the question:

Given our prior knowledge and the observed data, what is the probability 
that the model is true?
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The Frequentist approach

- The Bayesian approach tries to answer the question:

Given our prior knowledge and the observed data, what is the probability 
that the model is true?

- In the Frequentist approach, an inference analysis is performed by trying 
to answer the following question:

If I repeat the experiment an infinite number of times, assuming the model is 
true, with which frequency would I observe a value more extreme than the 
one actually observed?
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The Frequentist approach
A trivial example:
I have performed an observation and got the experimental data D = 3. 
According to the hypotheses H, D is a random variable that follows a normal distribution centered in zero and variance = 1   

p(D |H) = 𝒩(x = 3 |μ = 0,σ = 1)

Observed value

H
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The Frequentist approach
A trivial example:
I have performed an observation and got the experimental data D = 3. 
According to the hypotheses H, D is a random variable that follows a normal distribution centered in zero and variance = 1   

p(D |H) = 𝒩(x = 3 |μ = 0,σ = 1)

Observed value

H Conclusion of the inference analysis 
performed with the frequentist approach:

If I repeat the experiment an infinitely times, assuming  to 
be true, I would have observed D > 3 only 0.27% of the times 

H
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The Frequentist approach
A trivial example:
I have performed an observation and got the experimental data D = 3. 
According to the hypotheses H, D is a random variable that follows a normal distribution centered in zero and variance = 1   

p(D |H) = 𝒩(x = 3 |μ = 0,σ = 1)

Observed value

H Conclusion of the inference analysis 
performed with the frequentist approach:

Hypothesis  is rejected at the 99.73% Confidence Level (CL)H

or

If I repeat the experiment an infinitely times, assuming  to 
be true, I would have observed D > 3 only 0.27% of the times 

H
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The Frequentist approach
A trivial example:
I have performed an observation and got the experimental data D = 3. 
According to the hypotheses H, D is a random variable that follows a normal distribution centered in zero and variance = 1   

p(D |H) = 𝒩(x = 3 |μ = 0,σ = 1)

Observed value

H Conclusion of the inference analysis 
performed with the frequentist approach:

If I repeat the experiment an infinitely times, assuming  to 
be true, I would have observed D > 3 only 0.27% of the times 

H

Hypothesis  is rejected at the 99.73% Confidence Level (CL)H

Hypothesis  is rejected with a significance of 3 “sigma”H

or

or
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The Frequentist approach
A trivial example:
I have performed an observation and got the experimental data D = 3. 
According to the hypotheses H, D is a random variable that follows a normal distribution centered in zero and variance = 1   

Conclusion of the inference analysis 
performed with the frequentist approach:

If I repeat the experiment an infinitely times, assuming  to 
be true, I would have observed D > 3 only 0.27% of the times 

H

Hypothesis  is rejected at the 99.73% Confidence Level (CL)H

Hypothesis  is rejected with a significance of 3 “sigma”H

or

or

p-value CL = 1- p-value

σ = 2 ⋅ erf−1(CL)

σ = 2 ⋅ erf−1(CL) = 2 ⋅ erf−1(1 − p-value)

A bit of terminology 
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The Frequentist approach: more terminology…

1� �

H0
H1

Distribution of S assuming H0 is not true

Distribution of  assuming 
 is true

S
H0

 = The StatisticS

Cutof
If the statistic is above the cutoff I reject   H0

The statistic is a single number obtained from the 
observed data and the assumed model 
S = f(D, H)
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The Frequentist approach: more terminology…

1� �

H0
H1

Distribution of S assuming H0 is not true

Distribution of  assuming 
 is true

S
H0

 = The StatisticS

Cutof
If the statistic is above the cutoff I reject   H0

The statistic is a single number obtained from the 
observed data and the assumed model 
S = f(D, H)

Type-I error

False positive: 
Probability of rejecting 

when  is true
H0

H0

↵
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The Frequentist approach: more terminology…

 = The StatisticS

Cutof
If the statistic is above the cutoff I reject   H0

The statistic is a single number obtained from the 
observed data and the assumed model 
S = f(D, H)

1� �

H1

Distribution of  assuming 
 is not true

S
H0

H0

Distribution of  assuming 
 is true

S
H0

Type-I error

False positive: 
Probability of rejecting 

when  is true
H0

H0

↵
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The Frequentist approach: more terminology…

 = The StatisticS

Cutof
If the statistic is above the cutoff I reject   H0

The statistic is a single number obtained from the 
observed data and the assumed model 
S = f(D, H)

1� �

H1

Distribution of  assuming 
 is not true

S
H0

H0

Distribution of  assuming 
 is true

S
H0

Type-I error

False positive: 
Probability of rejecting 

when  is true
H0

H0

↵

False negative: 
Probability of accepting  

when  is not true
H0

H0
�

Type-II error
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The Frequentist approach: more terminology…

 = The StatisticS

Cutof
If the statistic is above the cutoff I reject   H0

The statistic is a single number obtained from the 
observed data and the assumed model 
S = f(D, H)

1� �

H1

Distribution of  assuming 
 is not true

S
H0

H0

Distribution of  assuming 
 is true

S
H0

Type-I error

False positive: 
Probability of rejecting 

when  is true
H0

H0

↵

False negative: 
Probability of accepting  

when  is not true
H0

H0
�

Type-II error

Confidence level

Power of the test

Probability of accepting  
when  is true

H0
H0

Probability of rejecting  
when  is not true

H0
H0

1� ↵

1� �



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       55

Time for a quick recap

1. The Bayesian approach allows us to quantify our “opinion” on a given model from the 
observed data using the rules of probability theory

• Pros: Alternative hypotheses are taken into account. No need to define a statistic 
and to know its distribution.

• Cons: One needs a prior distribution. 
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Time for a quick recap

1. The Bayesian approach allows us to quantify our “opinion” on a given model from the 
observed data using the rules of probability theory

• Pros: Alternative hypotheses are taken into account. No need to define a statistic 
and to know its distribution.

• Cons: One needs a prior distribution. 

2. The frequentist approach makes us exclude a model with given confidence by looking 
at infinity repetitions of the experiments in which the model is assumed to be true

• Pros:  No need for priors
• Cons: Choice of the statistic is arbitrary. Alternative hypothesis not taken into 

account. Type I and II errors.
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Time for a quick recap

A quote from Prof. Luis Lyons

“Bayesians address the question everyone is 
interested in, by using assumptions no one believes”

"Frequentists use impeccable logic to deal with an issue 
of no interest to anyone"

the priors

the probability of a model to be true

test statistic

what happen if I repeat the experiment an infinite times 
assuming a model to be always true
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The Likelihood



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       59

Let’s take a look at some recent papers

The Likelihood
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The Likelihood

Let’s take a look at some recent papers
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The Likelihood

Let’s take a look at some recent papers
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The Likelihood: why is it so important?

SCENARIO 1 SCENARIO 2

The null hypothesis is rejected at 4 sigma level The null hypothesis is rejected at 4 sigma level

Frequentist conclusion: Frequentist conclusion:

Observed value Observed value
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The Likelihood: why is it so important?

SCENARIO 1 SCENARIO 2

The null hypothesis is rejected at 4 sigma level The null hypothesis is rejected at 4 sigma level

Frequentist conclusion: Frequentist conclusion:

Observed value Observed value

If the null hypothesis is 
false, the chances of 

correctly rejecting it are 
very low

If the null hypothesis is 
false, the chances of 

correctly rejecting it are 
very high
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The Likelihood: why is it so important?

You want the statistic to give you a high chance 
of rejecting a hypothesis that is false

You want your statistic to be 
POWERFUL!
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The Likelihood: why is it so important?

Ideal case

Very far away

Ideally infinitely far away
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The Likelihood: why is it so important?

Ideal case

Very far away

Ideally infinitely far away

A statistic here can only 
be produced by the null 

hypothesis
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The Likelihood: why is it so important?

Ideal case

Very far away

Ideally infinitely far away

A statistic here can only 
be produced by the 

alternative hypothesis
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The Likelihood: why is it so important?

Ideal case

Very far away

Ideally infinitely far away

A statistic here can only 
be produced by the 

alternative hypothesisNeyman–Pearson lemma:

the most powerful statistic is the likelihood ratio!

In reality
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The Likelihood ratio

The likelihood is a function of the model parameters, defined as the probability of observing the 
data assuming the model to be true 

Parameter of the hypothesis 
you want to test

The data we observed

First, let’s recall that:
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Best fit or value 
that maximises 
the likelihood

Observed data

Parameter of the hypothesis 
you want to test

70

The Likelihood ratio
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−2 log

Best fit or value 
that maximises 
the likelihood

Observed data

Parameter of the hypothesis 
you want to test

71

The Likelihood ratio
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∼ χ2
THE WILKS’ THEOREM 

number of degrees 
= 

number of dimensions of θ

−2 log

Best fit or value 
that maximises 
the likelihood

Observed data

Parameter of the hypothesis 
you want to test

72

The Likelihood ratio
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The Likelihood: Higgs example

Example:

Let’s figure out how they were able to make 
such a claim with a Toy Model and with the 
theory we have learned so far!

Below is the plot that led ATLAS to claim the discovery of the HIGGS.
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Null hypothesis  - dashed line
a = 0

H0

Alternative hypothesis  - solid line
a   0

H1
≠

noise:

Toy model:

The Likelihood: Higgs example
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Likelihood

Null hypothesis  - dashed line
a = 0

H0

Alternative hypothesis  - solid line
a   0

H1
≠

noise:

Toy model:

<latexit sha1_base64="fxl1iSWFN7IW+AGU9zbAYRZCp94=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUmkqMuiGxcuKtgHtKFMppN26GQSZiZKif0UNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZWVtfWNzYLW8Xtnd29fbt00FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P77O/PYDlYpF4l5PYuqFeChYwAjWRurbpV6I9Yhgnt5OKwijU9S3y07VmQEtEzcnZcjR6NtfvUFEkpAKTThWqus6sfZSLDUjnE6LvUTRGJMxHtKuoQKHVHnpLPoUnRhlgIJImic0mqm/N1IcKjUJfTOZBVWLXib+53UTHVx6KRNxoqkg80NBwpGOUNYDGjBJieYTQzCRzGRFZIQlJtq0VTQluItfXiats6p7Xq3d1cr1q7yOAhzBMVTAhQuoww00oAkEHuEZXuHNerJerHfrYz66YuU7h/AH1ucPlvmS6g==</latexit>

L(a)

ℒ(a) = ∏p(xi, yi ∣ a) = ∏𝒩(yi ∣ y′￼i(a), σ)

The Likelihood: Higgs example
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Log-Likelihood ratio

Null hypothesis  - dashed line
a = 0

H0

Alternative hypothesis  - solid line
a   0

H1
≠

noise:

Toy model:

−2 log
ℒ(a)
ℒ( ̂a)

= − 2 log
ℒ(a)

ℒ(4.8)

̂a = 4.8

The Likelihood: Higgs example
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Log-Likelihood ratio

Null hypothesis  - dashed line
a = 0

H0

Alternative hypothesis  - solid line
a   0

H1
≠

noise:

Toy model:

−2 log
ℒ(a)
ℒ( ̂a)

= − 2 log
ℒ(a)

ℒ(4.8)

−2 log
ℒ(a = 0)
ℒ(4.8)

= 29.7

The Likelihood: Higgs example
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Observed: 29.7

−2 log
ℒ(0)
ℒ( ̂a)

<latexit sha1_base64="DYrKLoIRk+cRhodTNQq1qYdoIX8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRT0WvXisYD+gXUs2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GR+54kqzaS4N9OY+hEeCRYygo2V2n0yZg+1QbniVt050CrxclKBHM1B+as/lCSJqDCEY617nhsbP8XKMMLprNRPNI0xmeAR7VkqcES1n86vnaEzqwxRKJUtYdBc/T2R4kjraRTYzgibsV72MvE/r5eY8MpPmYgTQwVZLAoTjoxE2etoyBQlhk8twUQxeysiY6wwMTagkg3BW355lbRrVe+iWr+rVxrXeRxFOIFTOAcPLqEBt9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMqS47f</latexit>

�2

−2 log
ℒ(a = 0)
ℒ(4.8)

= 29.7

Log-Likelihood ratio

−2 log
ℒ(a)
ℒ( ̂a)

= − 2 log
ℒ(a)

ℒ(4.8)

From MC simulations of −2 log
ℒ(a = 0)

ℒ( ̂a)

The Likelihood: Higgs example
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−2 log
ℒ(a = 0)
ℒ(4.8)

= 29.7

Log-Likelihood ratio

−2 log
ℒ(a)
ℒ( ̂a)

= − 2 log
ℒ(a)

ℒ(4.8)

Converting the p-value to a “sigma”

Notice that 
<latexit sha1_base64="H+ShAJMOPsJY525zL7FbXYi0Nz4=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCq2GmtFZ3RTcuK9gHdIaSSdM2NMlMk4xQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrmXe+8JY0aVdt1va2V1bX1jM7eV397Z3du3Dw4bKkokJnUcsUi2QqQIo4LUNdWMtGJJEA8ZaYbDm6nffCBS0Ujc63FMAo76gvYoRtpIHfvYVyOp0+KVU5lAX1FORrDslMqwYxdcx50BLhMvIwWQodaxv/xuhBNOhMYMKdX23FgHKZKaYkYmeT9RJEZ4iPqkbahAnKggnX0wgWdG6cJeJE0JDWfq74kUcaXGPDSdHOmBWvSm4n9eO9G9yyClIk40EXi+qJcwqCM4jQN2qSRYs7EhCEtqboV4gCTC2oSWNyF4iy8vk0bR8S6c0l2pUL3O4siBE3AKzoEHKqAKbkEN1AEGj+AZvII368l6sd6tj3nripXNHIE/sD5/AN7RlTk=</latexit>p
29.7 ' 5.45

<latexit sha1_base64="2OakBxe/1x5ZiLYTbvCYSfzK9rs="></latexit>p
2 · erf�1(1� 5 · 10�8) ' 5.45

<latexit sha1_base64="00R/kdKPQX1BvBC86ih9iYMA+JQ="></latexit>

p-value =

Z 1

29.7
dx �2(x) ' 5 · 10�8

Why?

The Likelihood: Higgs example
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Coverage and confidence intervals

By construction, the interval  such that 
will include the true value   68% of the times

[a1, a2] −2 log ℒ(a1,2)/ℒ( ̂a) = 1
atrue = 5

[a1, a2] [a1, a2]

[a1, a2] [a1, a2]
[a1, a2]
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Coverage and confidence intervals

By construction, the interval  such that 
will include the true value   68% of the times

[a1, a2] −2 log ℒ(a1,2)/ℒ( ̂a) = 1
atrue = 5

The interval  is called a 68% confidence interval 

and is said to “cover” the true value 68% of the times

[a1, a2]
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Coverage and confidence intervals

By construction, the interval  such that 
will include the true value   68% of the times

[a1, a2] −2 log ℒ(a1,2)/ℒ( ̂a) = 1
atrue = 5

The interval  is called a 68% confidence interval 

and is said to “cover” the true value 68% of the times

[a1, a2]

a = 5.33

68% CL = [4.46 , 6.22]

a = 5.3+0.88
−0.87

or



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       83

Coverage and confidence intervals

By construction, the interval  such that 
will include the true value   68% of the times

[a1, a2] −2 log ℒ(a1,2)/ℒ( ̂a) = 1
atrue = 5

The interval  is called a 68% confidence interval 

and is said to “cover” the true value 68% of the times

[a1, a2]

a = 5.33

68% CL = [4.46 , 6.22]

a = 5.3+0.88
−0.87

or

The range  
DOES NOT cover the true 
value 68% of the times


It is the procedure that gives 
 to be “right” 68% of 

the times

[4.46 , 6.22]

[a1, a2]
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The likelihood profile

The likelihood profile (or profile likelihood) is a way to study one parameter of 
interest while accounting for the best possible values of the nuisance parameters

ℒ(θ, ν)
parameter of interest nuisance parameters

ℒp(θ) = max
ν

ℒ(θ, ν) ≡ ℒ(θ, ̂ν(θ))

Later, we will use it for ON/OFF measurements…
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Conclusions Part I

• In this part, we have introduced some basic (and advanced) concepts of 
statistics


‣ Bayesian approach

‣ Frequentist approach

‣ Likelihood analysis


• for more details:

‣ My review paper on statistics for IACTs: arXiv:2202.04590

‣ Bayesian for astrophysics: astro.cornell.edu/~loredo/bayes/promise.pdf

‣ …


• Things we did not cover:

‣ Bayes Factors, Model Selection, Trial Factors, Threshold Calibration, Time Series 

Analysis, and more …

https://arxiv.org/abs/2202.04590
https://hosting.astro.cornell.edu/~loredo/bayes/promise.pdf
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PART II
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Outline - Part II

• Estimating the excess

‣ On/Off measurement

‣ Confidence levels and upper limits

‣ Li&Ma significance


• From the excess to the  flux

‣ A first approximate estimation

‣ Unfolding

‣ Forward folding

‣ The light curve

γ
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A typical analysis in -ray astronomyγ

ϕ
Flux

Nγ

 eventsγDataset

IRFBackgorund
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A typical analysis in -ray astronomyγ

ϕ
Flux

Nγ

 eventsγDataset

IRFBackgorund

Our goal is to reverse this chain of events
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 rate:   γ
dNγ

dt

 Flux:   ϕ =
d2Nγ

dt dA

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE

unit: 
1
s

unit: 
1

s cm2

unit: 
1

s cm2 TeV

Light Curve:     with   ∫Eth

dE
dϕ(ti)

dE
t0, …, ti, ti+1, … unit: 

1
s cm2

1

2

3

4

First a bit of terminology
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Estimating the excess

ϕ
Flux

Nγ

 eventsγDataset

IRFBackgorund

In this part, we will estimate the excess  Nγ
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Estimating the excess

ϕ
Flux

Nγ

 eventsγDataset

IRFBackgorund

In this part, we will estimate the excess  Nγ Given your event list what’s the 
expected number of  ray?γ
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Estimating the excess

ϕ
Flux

IRF

Given your event list what’s the 
expected number of  ray?γ

Consider this event at 1 TeV. Is it a signal 
event (a gamma-ray) or a background 

event (a muon, proton, etc…)?

We have 6310 events (in a given temporal, 
energetic, and spatial window). Does that mean 
that the number of gamma-ray events is 6310?
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On/Off measurement

Observed events in the sky

ON

OFF

OFF

OFF
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On/Off measurement

Observed events in the sky

ON

OFF

OFF

OFF
Signal event

Background eventn

m?
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On/Off measurement

On measurement Off measurement

Signal event

Background eventn

m?





n
m
α





b
s

Likelihood:


  
 ℒ(s, b) ≡ p(n, m |s, b) =

(s + αb)n

n!
e−(s+αb) ⋅

bm

m!
e−b
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Likelihood analysis

 
∂ℒ(s, b)

∂b
= 0 b−1+me−s−b(1+α)(s + bα)−1+n

m! n! [α(1 + α) b2 + (s(1 + α) − (m + n)α) b − ms] = 0

Get the likelihood profile:
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Likelihood analysis

 
∂ℒ(s, b)

∂b
= 0 b−1+me−s−b(1+α)(s + bα)−1+n

m! n! [α(1 + α) b2 + (s(1 + α) − (m + n)α) b − ms] = 0

Get the likelihood profile:

b̂ = 0 b̂(s) = −
s
α

Zero expected counts 
in the OFF region

Zero expected counts 
in the ON region

b̂(s) =
n + m − (1 + 1/α)s ± (n + m − (1 + 1/α)s)2 + 4(1 + 1/α)s m

2α(1 + α)
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Likelihood analysis

 
∂ℒ(s, b)

∂b
= 0 b−1+me−s−b(1+α)(s + bα)−1+n

m! n! [α(1 + α) b2 + (s(1 + α) − (m + n)α) b − ms] = 0

Get the likelihood profile:

b̂(s) =
n + m − (1 + 1/α)s ± (n + m − (1 + 1/α)s)2 + 4(1 + 1/α)s m

2α(1 + α)
b̂ = 0 b̂(s) = −

s
α

Zero expected counts 
in the OFF region

Zero expected counts 
in the ON region

Get the maximum value of the likelihood:

s + αb = n

b = m
ℒ̂ =

nn

n!
e−n ⋅

mm

m!
e−m
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Likelihood analysis

Putting all together

−2Δ log ℒ(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂ = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)

b̂(s) =
n + m − (1 + 1/α)s + (n + m − (1 + 1/α)s)2 + 4(1 + 1/α)s m

2(1 + α)
C = n + m − n log(n) − m log(m)

W-stat in gammapy
Example with ,  and n = 30 m = 100 α = 0.1
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Likelihood analysis

W(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂i = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)
Introducing a new nuisance parameter: “systematics in the collection area”

s → s(1 + ε) with a Gaussian prior 𝒩(0,σ)

Signal Counts ∝ Flux × Coll. Area × (1 + ε)
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Likelihood analysis

W(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂i = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)

s → s(1 + ε)

Wε(s) ≡ − 2 log ℒ(s, b̂, ̂ε) + 2 log ℒ̂i = 2 ( s(1 + ̂ε) + (1 + α)b̂ − n log(s(1 + ̂ε) + αb̂) − m log(b̂) +
̂ε2

2σ2
− C)

with a Gaussian prior 𝒩(0,σ)

Introducing a new nuisance parameter: “systematics in the collection area”
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Likelihood analysis

W(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂i = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)

s → s(1 + ε)

Wε(s) ≡ − 2 log ℒ(s, b̂, ̂ε) + 2 log ℒ̂i = 2 ( s(1 + ̂ε) + (1 + α)b̂ − n log(s(1 + ̂ε) + αb̂) − m log(b̂) +
̂ε2

2σ2
− C)

with a Gaussian prior 𝒩(0,σ)

Introducing a new nuisance parameter: “systematics in the collection area”

b̂(s) =
n + m − (1 + 1/α)s(1 + ε) + (n + m − (1 + 1/α)s(1 + ε))2 + 4(1 + 1/α)s(1 + ε) m

2(1 + α)

C = n + m − n log(n) − m log(m)

α ̂ε3 + A ̂ε2 + B ̂ε + C = 0

A = sσ2(α − 1) + α
B = σ2 (α(s − m − n) − s − s2σ2]
C = σ4s (n − α m − s)
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Likelihood analysis

Wε(s) ≡ − 2 log ℒ(s, b̂, ̂ε) + 2 log ℒ̂i = 2 ( s(1 + ̂ε) + (1 + α)b̂ − n log(s(1 + ̂ε) + αb̂) − m log(b̂) +
̂ε2

2σ2
− C)

,  and n = 30 m = 100 α = 0.1 ,  and n = 300 m = 100 α = 0.1
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Likelihood analysis

Example (modifying gammapy source code):
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Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5

−2Δ log ℒ(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂ = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)
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0.8

Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5

−2Δ log ℒ(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂ = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)

What does it mean that for 
s = 25, we have 

 ?−2Δ log ℒ = 0.8



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       108

0.8

Since  is a  
variable, we can exclude 

the hypothesis  
with a 63% CL

−2Δ log ℒ χ2

s = 25

Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5

−2Δ log ℒ(s) ≡ − 2 log ℒ(s, b̂) + 2 log ℒ̂ = 2 ( s + (1 + α)b̂ − n log(s + αb̂) − m log(b̂) − C)

What does it mean that for 
s = 25, we have 

 ?−2Δ log ℒ = 0.8



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       109

Conventionally 3 confidence 
levels are reported:

• 0%   CL  : which is by definition 

when the chi-squared is zero


• 68% CL  : which is when the chi-
squared is 1


• 95% CL : which is when the chi-
squared is 3.84

3.84
3.84

1 1

Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5
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Conventionally 3 confidence 
levels are reported:

• 0%   CL  : which is by definition 

when the chi-squared is zero


• 68% CL  : which is when the chi-
squared is 1


• 95% CL : which is when the chi-
squared is 3.84

3.84
3.84

1 1

0

68% uncertainty

best estimated

95% Upper limit
95% Lower limit

Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5
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3.84
3.84

1 1

0

68% uncertainty

best estimated

95% Upper limit
95% Lower limit

So do we need each time to 
compute the likelihood ratio 
and find where it is equal to 
zero, one, and 3.84?

Likelihood analysis

Example with ,  and n = 54 m = 44 α = 0.5
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3.84
3.84

1 1

0

So do we need each time to 
compute the likelihood ratio 
and find where it is equal to 
zero, one, and 3.84?

Thankfully in most cases* 
we can get a good 
approximation using the 
following expression

68% uncert          ainty

best estimated
68%       uncert          ainty 68%       uncert          ainty

n − αm
n − α m − 2 n + α2m

Likelihood analysis

* When the counts are too small, these intervals tend to undercover 
the true value of s. Such a problem is well-known and requires ad hoc 
adjustments (see Rolke, W. A., & Lopez, A. M. (2001)). 

Example with ,  and n = 54 m = 44 α = 0.5

n − α m ± n + α2m

n − α m + 2 n + α2m
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Likelihood analysis

When the counts are too small, these intervals tend to undercover the true value of s. Such a 
problem is well-known and requires ad hoc adjustments (see Rolke, W. A., & Lopez, A. M. (2001)) 
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3.84
3.84

1 1

0

68% uncert          ainty

best estimated
68%       uncert          ainty 68%       uncert          ainty

- The signal estimation is:


32 ± 8

- with upper limit


48.1

- and lower limit 


15.9

n − α m = 32

n + α2m = 8.06

Likelihood analysis

n − αm
n − α m − 2 n + α2m

n − α m ± n + α2m

n − α m + 2 n + α2m

Example with ,  and n = 54 m = 44 α = 0.5

Final result:
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Li&Ma significance

Among all the possible 
hypotheses, there is a 
‘special’ one we are 
interested in excluding…

… the one in which there is 
no signal, i.e. s=0

19.5

−2Δ log ℒ(s = 0)
We then take the 
square root of it to 
get the significance 

−2Δ log ℒ

Example with ,  and n = 54 m = 44 α = 0.5
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Li&Ma significance

Among all the possible 
hypotheses, there is a 
‘special’ one we are 
interested in excluding…

… the one in which there is 
no signal, i.e. s=0

19.5

Li&Ma

−2Δ log ℒ(s = 0)

Example with ,  and n = 54 m = 44 α = 0.5

± 2 [n log( 1
α

(α + 1)n
αn + m ) + m log( (α + 1)m

n + m )]
1/2

We then take the 
square root of it to 
get the significance 

−2Δ log ℒ
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Li&Ma significance

Now you know what 
these values refer to!

Here you are seeing the TS or the 
log-likelihood value obtained in 

each pixel for the null hypothesis

Examples from published papers:
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And finally the excess estimation

Nγ = n − α m ± n + α2m Li&Ma

Taking the dataset I showed you a few slides back:
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Estimating the flux

ϕ
Flux

Nγ

 eventsγDataset

IRFBackgorund

In this part, we will estimate the flux from the excess  Nγ



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       120

Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
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Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
≈

Nγ

teff Aeff ΔE
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Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
≈

Nγ

teff Aeff ΔE

Excess in a given energy and time window, 
we now know how to compute it!
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Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
≈

Nγ

teff Aeff ΔE

Energy width:  E2 − E1

Excess in a given energy and time window, 
we now know how to compute it!
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Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
≈

Nγ

teff Aeff ΔE

Energy width:  E2 − E1

Excess in a given energy and time window, 
we now know how to compute it!

Effective time: not the same as the elapsed time 
between the beginning and end of the observation, 
as gaps in the data taking and dead time after the 
recording of each event must be taken into 
account
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Estimating the flux

 Differential energy spectrum:   
dϕ
dE

=
d3Nγ

dt dA dE
≈

Nγ

teff Aeff ΔE

Energy width:  E2 − E1

Excess in a given energy and time window, 
we now know how to compute it!

Effective time: not the same as the elapsed time 
between the beginning and end of the observation, 
as gaps in the data taking and dead time after the 
recording of each event must be taken into 
account Effective collection area: area of an ideal detector 

that would collect the same  rays as our real 
detector (see next slides)

γ
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Effective collection area

Collection Area of the telescope 
(per each energy bin)

Aγ,MC ×
NSurvived

γ

NTotal
γ

Total  
simulated

γ

Collection area 
in your MC

Remaining  after 
trigger, quality and 
selection cuts

γ

! The effective area changes for different observations as it depends on 
many factors: Zenith, Azimuth, atm. conditions, the  direction, etc…γ
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Flux estimation

teff ΔE
 

dϕ
dE

≈
Nγ

Aeff teff ΔE
=

At a first approximation (there are some caveats that will be discussed later)
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Flux estimation

At a first approximation (there are some caveats that will be discussed later)

 
dϕ
dE

≈
Nγ

Aeff teff ΔE
=
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Flux estimation

At a first approximation (there are some caveats that will be discussed later)

 
dϕ
dE

≈
Nγ

Aeff teff ΔE
=

Should not 
be reported
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Flux estimation

At a first approximation (there are some caveats that will be discussed later)

 
dϕ
dE

≈
Nγ

Aeff teff ΔE
=

Should not 
be reported

Only Upper Limits 
should be shown
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The Light Curve

The Light Curve (LC) is simply the time evolution of the integral flux 

                  with   LC(ti) = ∫Eth

dE
dϕ(ti)

dE
t0, …, ti, ti+1, …

Example from arxiv 2306.12960:


• Source: Crab Nebula


• Instrument: LST-1


• GeVEth = 100
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Flux estimation - Caveats

The energy we measure is not the true energy of the  ray γ

Figure adapted from Ishio, K., & Paneque, D. (2024). Astroparticle Physics, 158, 102937.

Etrue ≠ Eest
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Flux estimation - Caveats

Figure adapted from Ishio, K., & Paneque, D. (2024). Astroparticle Physics, 158, 102937.

True Energy 1 TeV

The energy we measure is not the true energy of the  ray γ Etrue ≠ Eest



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       134

Flux estimation - Caveats

Figure adapted from Ishio, K., & Paneque, D. (2024). Astroparticle Physics, 158, 102937.

Events at low energy 
tend to be reconstructed 
with higher energy

True Energy 1 TeV

The energy we measure is not the true energy of the  ray γ Etrue ≠ Eest
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Flux estimation - Unfolding

si = ∫ΔEi

dEest ∫ dEtrue
dϕ(Etrue)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teff

True energy

Estimated energy

Expected  counts 
in the -th bin in 
estimated energy

γ
i

Differeantial 
energy flux

Effective area

Energy dispersion

Effective time

We can look at the problem as a ‘geometrical’ problem: 
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Flux estimation - Unfolding

\

si = ∑
j

∫ΔEi

dEest ∫ΔEj

dEtrue
dϕ(Etrue)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teff

∫
aN

a0

= ∫
a1

a0

+ … + ∫
aN

aN−1

We can look at the problem as a ‘geometrical’ problem: 
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Flux estimation - Unfolding

si = ∑
j

∫ΔEi

dEest ∫ΔEj

dEtrue
dϕ(Etrue)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teff

= ∑
j

ϕj Aj Dij teff ≡ ∑
j

Mij ϕj

average flux and collection area 
in the -th true energy binj

probability that a  in the -th 
bin is assigned the -th bin

γ j
i

We can look at the problem as a ‘geometrical’ problem: 
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Flux estimation - Unfolding

si = ∑
j

∫ΔEi

dEest ∫ΔEj

dEtrue
dϕ(Etrue)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teff

= ∑
j

ϕj Aj Dij teff ≡ ∑
j

Mij ϕj

average flux and collection area 
in the -th true energy binj

probability that a  in the -th 
bin is assigned the -th bin

γ j
i

For more details on the computation of the average flux and collection area, 
and of the matrix  see for instance, Albert,  et al (2007). 583(2-3), 494-506.Mij

We can look at the problem as a ‘geometrical’ problem: 
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Flux estimation - Unfolding

We can look at the problem as a ‘geometrical’ problem: 

The goal of the unfolding procedure is to find a solution to this equation by inverting the matrix Mij

=?x
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Flux estimation - Unfolding

We can look at the problem as a ‘geometrical’ problem: 

=?x
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Flux estimation - Unfolding

We can look at the problem as a ‘geometrical’ problem: 

=?x

x =
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Flux estimation - Unfolding

It is an ill-posed problem

si = ∑
j

ϕj Aj Dij teff ≡ ∑
j

Mij ϕj ϕj = ∑
i

M−1
ji si

We can look at the problem as a ‘geometrical’ problem: 

Well-posed problem:

1.Existence of a solution 
2.Uniqueness 
3.Stability under small perturbations
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Flux estimation - Unfolding

Tikhonov

Bertero

Schmelling Bayesian unfolding

and more …

Tikhonov, A.N. 1963; Volume 151, pp. 501–504.

Bertero, M. Adv. Electron. Electron Phys. 1989, 75, 1–120.

Schmelling, M. Nucl. Instrum. Methods Phys. Res. Sect. A 
Accel. Spectrometers Detect. Assoc. Equip. 1994, 340, 400–412

Choudalakis, G. Fully bayesian unfolding. arXiv 2012, arXiv:1201.4612.

si = ∑
j

ϕj Aj Dij teff ≡ ∑
j

Mij ϕj ϕj = ∑
i

M−1
ji si

We can look at the problem as a ‘geometrical’ problem: 

It is an ill-posed problem Well-posed problem:

1.Existence of a solution 
2.Uniqueness 
3.Stability under small perturbations
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Forward folding

Unfolding:


        Get the flux by making as few assumptions as possible on its shape

Forward folding:


        Get the flux by assuming a (parametric) shape

dϕ(E, θ)
dE

The goal of the forward folding is to estimate the parameters θ
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Forward folding

ℒ( ⃗θ) = P(D | ⃗θ) probability of the data given a model with parameters ⃗θ = (θ0, … , θn)

ℒ( ⃗θ) = ∑
i ( (si + αbi)ni

ni!
e−(si+αbi) ×

bmi
i

mi!
ebi) si = ∫ΔEi

dEest ∫ dEtrue
dϕ(Etrue, ⃗θ)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teffwith



Basic & Advanced Statistical Techniques CTAO School - 3rd edition        May 17 - 2026       146

Forward folding

ℒ( ⃗θ) = P(D | ⃗θ) probability of the data given a model with parameters ⃗θ = (θ0, … , θn)

si = ∫ΔEi

dEest ∫ dEtrue
dϕ(Etrue, ⃗θ)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teffwith

ΔTS ≡ − 2 log
ℒ( ⃗θ)
ℒ( ̂θ)

∼ χ2

Values of  that maximize the likelihood⃗θ

ℒ( ⃗θ) = ∑
i ( (si + αbi)ni

ni!
e−(si+αbi) ×

bmi
i

mi!
ebi)
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Forward folding

dϕ(E)
dE

= ϕ0 ( E
E0 )

−α−β log( E
E0 )

Example with Log Parabola model

Plot obtained with gammapy
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Forward folding

dϕ(E)
dE

= ϕ0 ( E
E0 )

−α−β log( E
E0 )

Example with Log Parabola model

Likelihood profile!ΔTS(β) ≡ − 2 log
ℒ(β, α̂, ̂ϕ0)

ℒ̂

Values of  and  that maximize 
the likelihood for a fixed 

α ϕ0
β

Maximum value of the likelihood 
over the entire parameter space
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Forward folding

dϕ(E)
dE

= ϕ0 ( E
E0 )

−α−β log( E
E0 )

Example with Log Parabola model

ΔTS(β) ≡ − 2 log
ℒ(β, α̂, ̂ϕ0)

ℒ̂

Plot obtained with gammapy

Values of  and  that maximize 
the likelihood for a fixed 

α ϕ0
β

Maximum value of the likelihood 
over the entire parameter space
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Forward folding

dϕ(E)
dE

= ϕ0 ( E
E0 )

−α−β log( E
E0 )

Example with Log Parabola model

Output of the optimization algorithm 
in gammapy

Plot obtained with gammapy
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Forward folding

dϕ(E)
dE

= ϕ0 ( E
E0 )

−α−β log( E
E0 )

Example with Log Parabola model

Output of the optimization algorithm 
in gammapy

Plot obtained with gammapy
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Summary

No 
energy 
bias

Extreme 
energy 
bias
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Forward folding - 3D case

sij = ∫Δ ⃗xj

d ⃗xest ∫ΔEi

dEest ∫ dEtrue ∫ d ⃗xtrue
dϕ(Etrue, ⃗xtrue, ⃗θ)

dEtrue
Aeff(Etrue, ⃗xtrue) D(Eest |Etrue, ⃗xtrue)P( ⃗xest | ⃗xtrue, Etrue,) teff

si = ∫ΔEi

dEest ∫ dEtrue
dϕ(Etrue, ⃗θ)

dEtrue
Aeff(Etrue) D(Eest |Etrue) teff

True directionExpected  counts in the 
-th bin in estimated 

energy and -th pixel

γ
i

j

Estimated direction ,  , and  can now 
depend also on  
ϕ Aeff D

⃗xtrue

Point Spread Function 
of the instrument

1D

3D
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Forward folding - 3D case

ℒ( ⃗θ) = ∑
ij

(sij + bij)
nij

nij!
e−(sij+bij)

sij = ∫Δ ⃗xj

d ⃗xest ∫ΔEi

dEest ∫ dEtrue ∫ d ⃗xtrue
dϕ(Etrue, ⃗xtrue, ⃗θ)

dEtrue
Aeff(Etrue, ⃗xtrue) D(Eest |Etrue, ⃗xtrue)P( ⃗xest | ⃗xtrue, Etrue,) teff

Your background can be, for instance, 
the Galactic diffuse background 

Counts observed in each -th 
energy bin and -th pixel 

i
j

image from https://docs.gammapy.org/2.0/tutorials/data/fermi_lat.html

https://docs.gammapy.org/2.0/tutorials/data/fermi_lat.html
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Conclusions Part II

• In this part we have introduced the basic concepts of a -ray analysis

‣ Inference in an On/Off measurement

‣ Flux estimation (effective area, energy dispersion, etc…)

‣ Unfolding and forward folding


• for more details:

‣ MAGIC performance paper: arXiv:1409.5594

‣ LST-1 performace paper: arXiv:2306.12960

‣ …


• Things we did not cover:

‣ Night Sky Background, Proton, Muons, Image Cleaning and Parametrization, 

Random Forest, Particle Classification, Gamma-hadron separation, and more …

γ

https://arxiv.org/abs/1409.5594
https://arxiv.org/abs/2306.12960

